We have developed a method to calculate the distribution of fundamental and spurious fields in a metallic cylindrical cavity with superconducting endplates in which signals at two different frequencies are injected. The nonlinearity in the superconductor produces the typical intermodulation effects if the frequencies of the injected signals are sufficiently close to each other and near a resonant mode. Our method uses harmonic balance to match the fields in the cavity with the currents on the endplates. The method can be used for a variety of nonlinear models of the superconducting endplate, and could be the base for a nondestructive procedure to extract the nonlinear parameters of an HTS sample from RF measurements. Our analysis is restricted to the TE 0 1 1 mode, but the method can be applied to any propagating mode in the cylindrical cavity. Closed-form equations for the case of square-law nonlinearities in the superconductor are derived and used to check the validity of the harmonic balance calculation.
Introduction
Most of the work on RF nonlinearities of superconductors has been done on planar resonators and filters. Cavity resonators are also used in filters and in devices for characterization of material properties. In both applications, the nonlinear performance of cavity resonators is of interest. This paper presents a general method to calculate the distribution of spurious fields in a metallic cylindrical cavity with superconducting endplates in the TE 0 1 1 mode. However, with minor modifications, the method is generally applicable to any propagating mode in the cylindrical cavity, to cavities with other cross-sections, or to cavities with a single superconducting endplate.
Nonlinearities in the superconducting endplates
When the signal levels are small, the electric field on superconducting endplates depends on the surface current density and the surface impedance: E L ¼ Z s J s . However, if the currents are large enough, the electric field has a nonlinear dependence with the surface current. Using the nomenclature in [1] where e NL is the additional electric field caused by surface current j s and by the nonlinearities in the superconductor. Eq. (1) is consistent with the definition of nonlinear surface impedance given in [2] :
and thus b NL accounts for the departure of the surface reactance from its small-signal values and, as discussed in [1] , can be related to a currentdependent penetration depth kðjÞ ¼ kð0; T Þð1 þ f ðjÞÞ, with f ð0Þ ¼ 0. This results in b NL ðjÞ ¼ l 0 kð0; T Þf ðjÞ.
Field analysis with square-law nonlinearities
We assume a cylindrical cavity of radius R and height h which is fed with two sinusoidal signals at frequencies (x 1 and x 2 ) which are very close to the resonant frequency of the TE 0 1 1 mode. If both signals are in resonance, the fields in the cavity are:
with
The current density in the superconducting endplates can be calculated from the tangential magnetic field a z ¼ 0 and z ¼ h, so that J s ¼ H q . From this, and using a NL ðj s Þ ¼ Dr 2 j 2 s and b NL ðj s Þ ¼ Dx 2 j 2 s one can calculate the amplitude of the third order intermodulation spurious following the procedure outlined in [3] , resulting in a peak field amplitude (i.e., equivalent to H xi in Eqs. (3a)-(3c)):
In the case of a two-port resonator it is straightforward to calculate the power of the intermodulation spurious dissipated at the output port of the resonator from Eq. (4) [3] .
Equivalent circuit: general analysis with harmonic balance
A numerical calculation of the spurious signals generated by the cavity is also possible using harmonic balance [4] . This calculation is not restricted to square-law nonlinearities in the superconducting endplates, and uses the equivalent circuit of the cavity resonator shown in Fig. 1 . In this equivalent circuit, the coupling to the cavity is modelled with transformers. As is usually done in the analysis of microwave cavities and waveguides, we have modelled the cylindrical waveguide as a transmission line [5] . The characteristic impedance and complex propagation constant of the line are set to be equal to those of the TE 0 1 1 mode in the waveguide. With these conditions, the currents and voltages in the line are proportional to the transverse magnetic and electric field in the waveguide. As done in [5] , we have set the proportionality constants to make the complex power flow in the waveguide equal to that of the transmission line, so that the equivalent circuit can also be used to calculate the power delivered to the output port, and the power available from the source.
With this equivalent circuit, the linear part of the problem is reduced to solving a system of equations in the frequency domain relating the voltage and current in the source to the voltage (transverse electric field) and current (transverse magnetic field) in the upper and lower endplates:
where V 1 , V 2 , I 1 , I 2 represent the equivalent voltages and currents at the upper and lower endplates and V s , I s the signal produced by the source. Note that if the source produces sinusoidal signals at several frequencies within the resonant band of the TE 0 1 1 mode, Eq. (5) has to be replicated for each of the frequencies involved. In a linear problem, the transverse electric and magnetic fields on the endplates are related through the surface impedance and two additional equations can be added to the system in Eq. (5):
These five equations allow the determination of all the variables as a function of the source current I s . This is not possible in the nonlinear case, because the boundary conditions at the endplates are nonlinear and the contribution of the fields generated by the nonlinearities (Eq. (1)) has to be taken into account. To do so, we use an iterative procedure (harmonic balance [4] ) very similar to the one described in [6] , which starts with the linear solution in frequency domain, transforms the currents in the endplates to time domain, and finds the electric fields caused by the nonlinearity (Eq. (1)). These fields are then transformed back to frequency domain and only the spectral components that fall within the resonant band of the TE 0 1 1 mode are used for further processing. The equivalent voltages and currents of these spectral components have to match the linear problem described by Eq. (5) at all frequencies of interest (i.e. those of the source currents, and those of the intermodulation products). The iterative procedure is very similar to the one described in [6] and consists in iterating the equivalent currents on the endplates (I 1 , I 2 ) at all the frequencies of interest until the equivalent voltages and currents arising from the linear problem (Eq. (5)) match those imposed by the nonlinearities in the endplates (Eq. (2)). Fig. 2 shows an example of the output vs. input power assuming square-law nonlinearities in the superconducting endplates, for various values of Dr 2 , Dx 2 . The agreement between the closed-form equations and the harmonic balance results is typically a fraction of a percent. Other outputs of the software include: frequency dependence of the spurious signals, spatial distributions of the spurious, and dependence of the spurious power output with the coupling coefficients. The software has also been run with nonlinearities other than square-law, like the ones suggested in [2, 7] .
Results

Conclusions
The RF nonlinear performance of metal cavities with one or two superconducting endplates can be analyzed using harmonic balance. The case of a TE 0 1 1 cylindrical cavity with two superconducting endplates having square-law nonlinearities has been studied, and the analytical results match the results of the numerical simulations. The algorithm developed could be easily adapted to other modes in the cylindrical cavity, to cavities with other cross-sections, or to cavities with a single superconducting endplate.
